Abstract: Due to the ageing of the population, public pension plans are increasingly being implemented by private savings schemes. This therefore gives rise to a wide range of innovative schemes to meet the varying needs of savers and financial institutions. Therefore, the aim of this paper is to propose a savings operation which includes the randomness derived from the contingency which supposes the eventual but unpredictable death of the saver. We have developed this type of operation by applying a financial-actuarial methodology and thereby deducing a way of calculating all amounts resulting from the savings operation, and introducing a new quantity derived from this randomness, namely the risk quota. Similarly, we have indicated how to calculate different measures of (gross and net) profitability, in random terms and the part corresponding to this randomness.
PUBLIC INTEREST STATEMENT
The increase in life expectancy and consequent increase in the number of people of pensionable age, accompanied by a reduction in the birth rate, have given rise to a greater ratio of pensioners to workers. This supposes a problem for the maintenance of the system of public pensions in the majority of developed countries. Population must be aware that they have to contract private savings plans in order to complement their incomes when they become retired. Therefore, it is necessary to develop savings products which are attractive to the saver and adapted to their particular family situation and their attitude to risk, by encouraging citizens to have their own private savings plans. Consequently, this manuscript proposes two different savings products which incorporate the risk derived from the investor's survival to traditional savings operations and shows how to determine the different magnitudes involved in such operations.
Justification of the research
The increase in life expectancy and consequent increase in the number of people of pensionable age, accompanied by a reduction in the birth rate, have given rise to a greater proportion of pensioners to workers. This supposes a problem for the maintenance of public pensions in many of the advanced countries (Fong, Piggott, & Sherris, 2015; Komp & Johansson, 2016; Martin, 2011) . According to the projections estimated by the European Commission, public expenditure in pensions within the European Union is estimated to reach 12.9% of the GDP in 2060. Spain, together with Belgium, Denmark, Ireland, Greece, Luxembourg, Austria and Portugal, is one of the countries which will reach a higher percentage of its GDP dedicated to pensions, estimated at 13.7% (EU-COMMISSION, 2012) .
Consequently, it is necessary to introduce some changes in the current pension models, based on the system of distribution (the contributions of present-day workers serve to pay the pensions of those now in retirement) in order to guarantee its future viability (Balsameda, Melguizo, & Taguas, 2006; Ni & Podqursky, 2016) . In effect, in order to reduce the cost of public pension plans, some governments such as the USA (Clark, Hanson, & Mitchell, 2016; Farrell & Shoag, 2016; Lewis & Stoycheva, 2016; Platanakis & Sutcliffe, 2016) and United Kingdom (Danzer, Dolton, & Bondibene, 2016; Disney, 2016) have already begun to take some measures.
There are two ways of implementing the necessary changes. On the one hand, some parametric reforms consisting of certain adjustments may be devised without changing substantially the original model, such reforms imply a reduction of pensions and/or an increase in workers contributions (Boldrin, Dolado, Jimeno, & Peracchi, 1999; Hammond et al., 2016; Yang, 2016) . On the other hand, the changes can consist of moving towards the so-called models of individual capitalization, similar to private plans, or towards mixed systems, where a minimal pension will be guaranteed and complemented with voluntary private pensions (Cesaratto, 2002 (Cesaratto, , 2006 Febrero & Cadarso, 2006; Wang, Williamson, & Cansoy, 2016) ; in the latter case, fiscal incentives are applied to the quotas contributed to private systems.
Private saving for retirement, as demonstrated by several empirical works, is related to social and demographic aspects, such as age (Fernández, Vivel, Motero, & Rodeiro, 2012; Hira, Rock, & Loibl, 2009; Huberman, Iyengar, & Jiang, 2007) , educational level (Seong-Lim, Myung-Hee, & Montalto, 2000) , area of residence (Fontes, 2011; Harris, Loundes, & Webster, 2002) or belonging to certain groups, such as immigrants (Harrysson, Montesino, & Werner, 2016) , among others.
It can be stated that the risk of longevity, that is to say, the probability of exceeding the period covered by retirement savings, is an important economic risk, whereby it is necessary to foresee the income of people in this situation. It must be borne in mind that nowadays, a person can survive for more than 30 years in a retirement situation (Forman, 2016) . Consequently, it becomes necessary to introduce some financial products adjusted to the needs of savers because innovation in this field is essential to satisfy these. Our aim is to put at the disposal of savers who make private provision for retirement a financial savings product adjusted to the contingency determined by their own life expectancy.
In traditional savings operations, both the commencement and the end of the savings period are known; that is to say, these instants are well-known a priori. An analogous characteristic is exhibited by the withdrawal of the accumulated amount (Valls Martínez & Cruz Rambaud, 2013) . However, some savings operations can be agreed by assuming that the commencement or the end of periodic deposits is random, depending on a contingency; moreover, this randomness could also affect the final withdrawal if the two parts of the operation agree. Here, we consider a savings operation in which deposits have a fixed commencement but the end is unknown (random). In other words, although the deposits commence and terminate at times agreed on formalizing the operation, the actual duration of the period of deposits is linked to the survival of saver in such a way that the deposits finish on premature death. In these circumstances, we can distinguish two possible cases:
(1) If the investor dies before the date of the final withdrawal, that is to say, during the expected duration of the savings period, the operation finishes, and consequently both the right to receive the final amount by the saver and his obligation to make the rest of the periodic deposits will disappear. As a consequence, all deposited money up to that moment will stay in favour of the financial institution, because its obligation to return the deposits plus the corresponding interest vanishes.
(2) If the investor dies before the date of the final withdrawal, the periodic deposits will cease, but the person designated by him will receive the final agreed amount as if the operation had not suffered any contingency, that is to say, as if the periodic deposits had continued during the entire initially agreed period. In such a case, the final agreed amount will be received by the beneficiary.
This paper is structured as follows. In Section 2, we present the new proposed savings operation from a financial point of view, by specifying the different possibilities which can arise and their respective treatment. In Section 3, we describe in detail the different quantities which define the savings operation when the withdrawal of the amount depends on the survival of the investor, as well as the different measures of profitability which arise when considering randomness. Analogously, Section 4 considers the case in which the withdrawal of the amount is fixed. Finally, Section 5 summarizes and concludes.
It is worth noting to indicate that, for the sake of brevity, the mathematical developments leading to the expressions of the different amounts in Sections 2-4 are not be detailed. Instead, in each case, we indicate only the starting point of the reasoning and the final expression.
General financial approach to a savings operation with random terminal date
Let us consider a savings operation consisting of the periodic deposit by the investor of n amounts a s , where s ¼ 1; 2; . . . ; n, with maturity at instant s À 1, respectively, with the aim to reach a final amount C m at instant m, being m n. In traditional savings operations, where randomness is not considered, the equation of financial equivalence at the commencement of the operation, by using the exponential discounting at a variable interest rate i s for each period, is 
However, if the periodic deposits and the withdrawal of the final amount are subject to a certain contingency, the equation of random, financial equivalence will be
where r h denotes the variable interest rate corresponding to period h.
Where the contingency is the death of the saver, the risk measured by r h is the probability that the saver dies and, consequently, the probability that both his right to receive the final amount and his obligation to make periodic deposits disappear. Therefore, by considering the saver's survival, one has
where 1 p hÀ1 is the probability that a person aged h À 1 reaches the age h, being
and l h is the number of persons reaching age h.
Equations (2) and (3) lead to
where ls l 0 ¼ p s is the probability of survival at instant s. Thus,
Equation (6) coincides with Valls Martínez & Cruz Rambaud, 2016) , where
is the factor of actuarial discounting.
Observe that, in expression (6), the subscript s refers to the instant at which the corresponding scheme matures. Therefore, l 0 is the number of living persons belonging to the saver's generation at the commencement of the savings operation. Thus, for example, if the investor is 50 at the commencement of the operation, l 0 is the number of persons of this generation who remain alive at this age. Analogously, l 10 is the number of persons of this generation who have reached the age of 60 years, in such a way that p 10 is the probability of a person aged 50 to reach 60. According to the notation by Valls Martínez and Cruz Rambaud (2016) , this is the same as 10 p 50 .
If we denote:
from Equation (6), we can deduce that
which indicates that, with the deposit of amounts a 0 s , the saver (in the case of survival) or his beneficiaries (in the case of the investor's death) will receive the amount C m at instant m. Observe that a 0 s > a s , which is logical since, with the deposit of a 0 s , the withdrawal of the final amount will be sure, whilst with the deposit of a s , this amount is not guaranteed.
On the other hand, by considering
one has
the equation which indicates the financial equivalence between the fixed deposits and the total withdrawal. It is obvious that has to compensate the randomness of the periodic deposits.
Therefore, the periodic deposits to save C m at instant m are
• a s , in the case of the probable survival of the saver, which guarantees neither the future periodic deposits nor the final withdrawal. Hereinafter, we will assume that m ¼ n, that is to say, once the saver has received the final total amount, the periodic deposits finish since logically from this moment, the savings period has expired and there is no reason to continue with the deposits.
The withdrawal of the final amount depends on the investor's survival
In this case, as previously indicated, the financial equivalence at time 0 is given by the following equation:
The balance at an intermediate instant k, when both the deposits and the withdrawal of the final amount are random, by the retrospective method (according to the amounts between the commencement and instant k) is
which leads to
Observe that, due to their randomness, both the deposits and the final amount are multiplied by an actuarial discount factor, as described in Table 1 .
Likewise, the balance can be calculated by using the so-called prospective method (according to the amounts deposited between instant k and the end of the operation). To do this, we start from Equation (13) where simple algebra and some suitable simplifications result in
Finally, we can also obtain the balance by the recurrent method, according to the balance obtained in the former period. In this way, starting from Equation (15) and following an adequate process, one has
The partial balance in a given period k, denoted by Δ À k , is the difference between the balance at the end, C À k , and at the beginning, C À kÀ1 , of said period:
which, by considering Equation (16) and simple algebra, leads to
where the interest quota corresponding to period k, denoted by I k , is
and the savings quota, denoted by q k , is
Observe that q k is the amount which, together with the interests, increases the balance accrued at the end of a former period to obtain the current balance.
In general, in the savings operations with an element of risk, the deposits made by the saver (say a s ) do not coincide with the amounts which generates the saving (viz q s ). The difference between them is called the risk quota, denoted by g s . Thus, for a given period k
In this case, there is a risk associated with the periodic deposits because they finish if the saver dies. But the final amount is also affected by this risk, because if the investor dies, he loses the entire saved amount. In order to compensate this risk, the saver will receive a bigger final amount in the event of survival at the end of the agreed period. This makes the risk quota negative, by indicating the "surplus" obtained by the investor for assuming this risk.
Definitively, by considering Equations (19) and (20) and applying simple algebra, this gives
Observe that, as p kÀ1 > p k , one has g k < 0. Observe also that, as
which, obviously, is less than 0. Example 1. Assume that, in 2013, a person aged 50 wishes to save an amount of 10,000 Euros during a period of 21 years, that is to say, to be withdrawn at age 71, if he survives. If he does not, the deposits will remain in the possession of the account's promoter. If the agreed effective yearly interest rate is 3%, the deposits should be of 314.25 Euros. The different quantities corresponding to this random savings operation appear in Table 2 .
The last column in Table 2 , M À s represents the pending amount to be saved, which is the difference between the final amount and the balance, that is to say, C n À C À s . Figure 1 shows that, in effect, the risk quota is negative. Moreover, despite the fact that it varies throughout the operation, it exhibits a pronounced decreasing tendency as the investor's age increases. As indicated, this quota compensates the increasing risk of losing the saved amount due to the possible death of the investor.
If the details of the operation are fixed, that is to say, if regular deposits of 314.25 Euros are made to save a fixed amount during the period of 21 years, then the final amount will be 9,281.92 Euros. In this case, it will be necessary to make 23 deposits to save 10,000 Euros. In effect, the number of necessary deposits is given by the following equation: Obviously, these savings operations can also be designed by using a variable interest rate. In such a case, it is necessary to calculate the average interest rate, denoted by i m , derived from the total contract period. This rate, applied to all periods of the operation, establishes the financial equivalence between the deposits and the final amount. Thus, given the values of C n , a s and p s , the average interest rate can be calculated by using the following equation:
It is necessary to point out that, if the operation finishes at an instant k < n due to the investor's death, it does not make sense to talk about the profitability for the investor or the cost for the administrator. One must refer to the loss or benefit, respectively, equal to the deposits accumulated up to the time of death.
When initially agreed, the duration of this type of operation (and its termination) is not known. Nevertheless, its distribution of probability is well known, which allows us to calculate the average estimated duration, denoted by k, and will be the expected conclusion of the operation. The probability of each duration k, denoted by 1 f k , for k ¼ 1; 2; . . . ; n À 1, is given by the probability of death between the ages k À 1 and k:
For k ¼ n, the probability of this duration is p nÀ1 , which is the probability that the investor dies at a later date. Therefore,
Finally, the financial completion of the random operation is the same as that of the fixed operation whose final amount coincides with that of the random operation, that is to say, the valuek satisfying the following equation:
Equation (24) is very difficult to satisfy, that is to say,k will not be an integer number, but instead, in most cases: Figure 1 . Risk quota when the withdrawal of the final amount depends on the investor's survival
Example 2. Let us consider the data of Example 1 but assuming that the effective yearly interest rate will be 3% for the first 5 years and that after each 5-year period, the interest rate increases by 1%; thus, from year 6 to 10, the interest rate will be 4%, from year 11 to 15, 5%, from year 16 to 20, 6% and from year 21, 7%. In this case, the equation
gives 5.146601% as the average rate of the savings operation.
In this example, the estimated average duration at the beginning of the operation is 19.766 years, whereby the operation will finish when the saver is 69 (see Table 3 ). 
The withdrawal of the saved amount is at an agreed date
When the withdrawal of the saved amount is sure, either by the investor, in case of survival, or by his heirs, in the event of the investor's death, the financial equivalence at the beginning of the savings operation is
Taking into account that the deposits are random and that the saved amount is fixed, the partial saved amount at a given intermediate instant k is not going to be conditioned by the survival probability at said instant. Thus, starting from Equation (14), the calculation by using the retrospective method results in
in accordance with Valls Martínez and Cruz Rambaud (2014):
Observe that, in this case, only the random deposits are multiplied by the actuarial discounting, whilst the saved amount, due to its lack of randomness, is multiplied by the exponential discounting, as indicated in Table 1 .
Likewise, the balance can be calculated by using the so-called prospective method. To do this, we start from Equation (26) where simple algebra results in
in accordance with Equation (15) since now the partial saved amount is not conditioned by the investor's survival at said instant.
Finally, we can also obtain the balance by the recurrent method. In this way, starting from Equation (26) and doing some suitable simplifications, one has
which, by considering Equation (28), leads to
where by
where the interest quota corresponding to period k, denoted by I k , is and the savings quota, denoted by q k (the amount which, together with the interest, increases the balance accrued at the end of a former period to obtain the current balance), is
Observe that, in this case, the savings quota coincides with the deposit corresponding to the fixed savings operation, i.e.:
The risk quota is known to be the difference between the periodic deposit and the savings quota which, in this case, is positive (except for the first period in which it is 0 because there is no risk for the first deposit), to compensate the financial entity for the possibility (risk) that the investor dies before finishing the periodic deposits. Thus,
By considering Equation (36),
which, in effect, is not negative, that is, g k ! 0. Consequently, in this type of operation, if the investor lives beyond a given instant, he would save more than in a riskless operation, which moreover implies a profit for the financial entity which is greater than that obtained if deposits are made in the context of a savings operation of fixed duration (and vice versa).
In this case, the risk quota (see Equations (32) and (33)) is the difference between the deposit when the conclusion of the savings operation is random and the saved amount is fixed, and the deposit corresponding to a savings operation where both the deposits and the saved amount are fixed. That is to say:
Example 3. Assume that, in 2013, a person aged 50 wishes to save an amount of 10,000 Euros over a period of 21 years, that is to say, to be withdrawn by him at age 71 if he survives, or by his heirs, in the event of the investor's early death. If the agreed effective yearly interest rate is 3%, the periodic deposits should be of 314.25 Euros. The different quantities corresponding to this random savings operation appear in Table 4 . Figure 2 shows that, in effect, the risk quota is positive. Moreover, it varies continuously throughout the operation and exhibits a tendency to increase with the investor's age. As indicated, this quota compensates the increasing risk that the periodic deposits cease if the investor dies prematurely.
If the terms of the operation are fixed at the outset, with periodic payments of 314.25 Euros which are allocated in their entirety (without the inclusion of a risk quota) to yield the desired amount at the end of the 21-year period, then this final amount will be 10,569.01 Euros. In this case, it will be necessary to make 23 periodic deposits to accumulate the total of 10,000 Euros. In general, the number n of necessary deposits to save the final amount is given by the following equation: 10; 000 ¼ 357:83 Á 1:03 Á 1:03 n À 1 0:03 ;
which shows that n = 20.15 years. Observe that it is necessary to make 21 deposits to accumulate the desired amount at the end of the fixed period, whether the savings operation has been proposed in a context of fixed terms or of randomness. At this point, it is necessary to clarify that, in general, the resulting duration does not necessarily coincide with the initial agreed duration. Obviously, these savings operations can also be designed by using a variable interest rate either by periods or by groups of periods. Most current operations are agreed with a variable interest rate. In such a case, it is necessary to calculate the average interest rate, denoted by i m , which can be applied to the entire period, and establishes the financial equivalence between the deposits and the final amount. Thus, given the values of C n , a 0 s and p s , the average interest rate can be calculated by using the following equation:
Once the number of deposits, k, is known, the real net average interest can be calculated. It is denoted by i n;k , implicit in the savings operation, which will satisfy the following equation:
In order to interpret the financial meaning of "net", one must take into account that, by using the initial interest rate required by the savings operation, the profit or loss, valued in monetary units at instant 0, by considering k deposits, denoted by R 0;k , is given by the following difference:
Equations (37) and (38) lead to
from which i n;k can be labelled as "net".
This rate will vary according to the actual date of completion of the operation but, at its commencement, we can only obtain the average value, taking into account that the probability of each duration k, for k ¼ 1; 2; . . . ; n À 1, and consequently of each rate, is
and the probability that the duration n is equal to p nÀ1 . Thus, the real net average rate is Figure 2 . Risk quota when the withdrawal of the saved amount is at an agreed date
Once all the deposits have been made, the real gross average rate, denoted by i b;k , is the parameter which establishes the financial equivalence between the accumulated deposits and the actual amount received:
where k is the number of actual deposits during the operation. Consequently, this rate is variable according to k and a priori; that is to say, at the beginning of the operation, we can only estimate its mathematical expectation, taking into account that the probability of i b;k is 1 f kÀ1 for k ¼ 1; 2; . . . ; n À 1 and p nÀ1 for k ¼ n, whereby
Observe that, logically, the greater the value of i b; k , the shorter the duration of the operation, because the final amount is guaranteed independently of whether the deposits continue throughout the period n or whether the operation finishes before n.
A relationship between the net and the gross real average rate can be established through the so-called average rate due to randomness, i a;k , which is defined as
in such a way that
Analogously to the former cases, this rate will vary according to the duration of the operation, but a priori its average value can be calculated:
Example 4. Consider the data of Example 3 when the effective annual interest rate will be 3% for the 5 first years and that it will be increased by 1% after each 5-year period. Hence, it will be 4% from year 6 to 10, 5% from year 11 to 16, 6% from year 16 to 20 and 7% for year 21. In such a case, by considering the equation:
The average rate for the entire operation will be 5.146601%. On the other hand, the real net average rate for each possible termination of the operation appears in Table 5 , its average value being 3.665351%.
On the other hand, the possible values of the real gross average rate corresponding to each duration appear in Table 6 . The expected annual profitability of the operation is 5.329730%, where the minimum is 4.71922% if the deposits are made over the entire 21-year period and the maximum is 18.64593% in the case of a single deposit (the first).
Finally, Table 7 shows the values of the different rates corresponding to the former example. Observe that the rate due to randomness decreases with the number of deposits, 1.6237163% being its average value. The graphic representation of the evolution of the real gross and net average rates, and the average rate due to randomness, can be seen in Figure 3 . Valls Martínez et al., Cogent Business & Management (2018 ), 5: 1515572 https://doi.org/10.1080 /23311975.2018 The expected final deposit, denoted by k, coincides with the expected termination of the operation analysed in Section 3 since, in this case, the operation finishes with the final deposit. But, in this section, the operation will finish at the date agreed for the withdrawal of the total amount, but the deposits can finish at any time. Thus,
Analogously, the random date of the final deposit, denoted byk, coincides with the financial end of the random operation described in Section 3:
Conclusion
An important number of developed countries are showing serious maintenance problems of their public pension plans. This leads economic analysts, and even some political leaders, to recommend the population to contract private pension plans which complement the payments received from the public system when they retire. On the other hand, the current financial situation with very low (even negative) rates of interest has forced banks to offer some hybrid products which combine a pure savings operation and an insurance product, usually related with the life of the saver. Therefore, innovation in private savings products is not only convenient but also necessary, to encourage their trading. In this way, this manuscript proposes two alternatives to traditional savings, based on the probability of survival/death of the saver. In the first one, if the saver dies before the expected end of the operation, the financial institution would benefit from the capital delivered up to that moment and the operation would terminate. Thus, in order to compensate the saver for the assumed risk of loss, the financial institution should make some contributions to the final Real net average rate, real gross average rate and average rate due to randomness amount so that, if the saver survived until the agreed end of the operation, he/she would receive an amount greater than the corresponding to a traditional savings operation. Consequently, this operation is attractive for those savers who have no immediate family, since their obtained profitability, in case of survival, is greater whilst the loss, in case of death, is indifferent for him/her.
In the second proposed alternative, the final amount is previously agreed and delivered by the financial institution either to the saver (in case of survival) or to their heirs (in case of saver's death). However, if the saver dies, the payments to save the final amount would cease. Thus, in this case, the risk is assumed by the financial institution and so the saver would have to pay period amounts greater than the corresponding to traditional savings operations. Therefore, this type of operations is attractive for the saver who has an immediate family to protect economically since his family would receive the same final amount as if he/she does not die without continuing the rest of payments.
The question is whether financial institutions would be interested in offering these operations linked to the investor's survival. In our opinion, the underlying risk is the same as insurance operations. So, the losses incurred by some operations could be compensated by the benefits generated by others. The question is to estimate the number of operations that the financial institutions should contract so that this loss-profit compensation is effective. It would be necessary to promote an individualized study inside each financial institution, considering the specific risk profile of its clients. To do this, a statistical simulation, based on data about clients and tables of mortality, could be useful to estimate the aggregate profit for banks by considering the two hybrid products presented in this paper. Take into account that the information contained in examples 1 and 3 refers to the payments corresponding to each individual savings product. Moreover, a challenge for banking institution is the bank marketing which is necessary to make attractive these products for consumers. So, banking policy must be oriented to implement the necessary strategies to introduce this novel offer among consumers. Indeed, this would be a future research line.
Summarizing, we believe that a greater offer of savings products would undoubtedly incentivize private savings. Therefore, developing such products is interesting for the future welfare and wellbeing of the elderly population.
